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Abstract
A coordinate system is set up for a general accelerating observer and is used to
determine the particle content of the Dirac vacuum for that observer. Equations
are obtained for the spatial distribution and total number of particles for massless
fermions as seen by this observer, generalising previous work.
1 Introduction
Unruh pointed out in 1976 [1] that an observer who accelerated uniformly
through the Minkowski vacuum would see a “thermal” spectrum of scalar
particles, whose apparent temperature depends upon the acceleration. The
same result has also been found for fermions [2]. The constant acceleration
case has been extensively investigated and there is a good review by S. Tagaki
[3]. However, there have been few attempts at the general case.
The problem of dealing with an accelerated observer is partly how to construct
a coordinate system which describes measurements made by that observer.
In an inertial reference frame we can easily envisage such a system by, for
example, imagining an infinite array of rods and clocks (see, for example, [4]).
If the frame is accelerating we could consider momentarily co-moving inertial
frames, but there is then an ambiguity in the coordinates assigned by the
Preprint submitted to Elsevier Science 5 June 2018
observer to events far away in space-time from the observer’s world line. We are
led to believe that there is no “natural” coordinate system for the observer [5].
However, when considering observer-dependent and non-local concepts such
as ‘vacuum’ and ‘particle’, it is necessary to ensure that the coordinates relate
to the observer we are considering.
Our solution to this problem is based on the measurements that an observer
could make. We shall use the “radar time” coordinate construction for an
arbitrary observer as defined by Dolby [6]. We then apply this construction to
the observer’s concept of particle, and derive an expression for the number of
fermions that this observer would find in the inertial vacuum.
We use “natural” units throughout such that ~ = c = 1. We also restrict our
study to 1 + 1 (one time plus one space) dimensions.
2 Radar Coordinates
2.1 General Derivation
The concept of radar coordinates for an accelerated observer is not new, and
an excellent list of references is given in [6]. A set of coordinates is generated
having one-to-one correspondence with the whole region of the Lorentz frame
with which the accelerated observer can exchange signals. A good derivation,
and proofs of various properties, is given also in [7], in which the construction
is referred to as “Ma¨rzke-Wheeler coordinates”.
Consider now an observer whose worldline λ in an inertial frame is described by
xµ = xµλ(τλ) , where τλ is the observer’s proper time and x
µ are the Minkowski
coordinates. A signal is sent to the event whose coordinates are to be measured;
the time at which the signal is sent is noted, and a signal is received from
the event at a later time. The two times can be used to determine both the
time and position of the event according to the observer. Assuming that the
observer moves in only one dimension and does not rotate, we define:
τ1 ≡ Time at which the signal travelling in the observer’s
backward direction is received or is sent.
τ2 ≡ Time at which the signal travelling in the observer’s
forward direction is received or is sent.
The ‘radar time’ τ of the event is defined as the mean of these times, while
the ‘radar distance’ ρ is one half of their difference (in natural units):
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Fig. 1. Radar Time for a general observer
τ ≡ 1
2
(τ1 + τ2)
ρ ≡ 1
2
(τ1 − τ2) (1)
We now define the variables x+ and x− :
x+ ≡ t+ z
x− ≡ t− z (2)
where t and z are the coordinates x0 and x1 in our Minkowski frame. It follows
that τ1, τ2 are related to x
+, x− by
x+ = x+λ (τ1)
x− = x−λ (τ2) (3)
since the signals follow paths of constant x− for the ‘forward’ rays, and paths
of constant x+ for the ‘backward’ ones in a flat space.
Figure 1 illustrates this construction. Times ‘1’ and ‘2’ correspond to τ1 and
τ2 for ‘Event 1’, and to τ2 and τ1 for ‘Event 2’, so that the events are si-
multaneous according to the observer, but the values of ρ have opposite sign.
This convention differs slightly from that defined in [6]; we have defined ρ as
a ‘spatial’ rather than a ‘radial’ coordinate so that our |ρ| corresponds to ρ of
[6] - this change is convenient for 1 + 1 dimensions.
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2.2 Metric
We can use the coordinate transformation to calculate the metric for the
observer, using the invariance of the space-time interval ds. In our Lorentz
frame, we have:
ds2 = dt2 − dz2 = dx+dx− (4)
However,
dx+ = dx+λ =
dx+λ
dτ1
dτ1 =
dx+λ
dτ1
(dτ + dρ)
dx− = dx−λ =
dx−λ
dτ2
dτ2 =
dx−λ
dτ2
(dτ − dρ) (5)
This identity is one of several involving radar coordinates; others are given in
the Appendix. By defining
U+(τ1) =
dx+λ (τ1)
dτ1
, U−(τ2) =
dx−λ (τ2)
dτ2
(6)
we have:
ds2 = U+U−(dτ 2 − dρ2) (7)
This expression gives the metric g, with components gµν , via the equation
ds2 = gµνdx
µdxν (8)
where the Einstein summation convention is employed (as it will be through-
out). In matrix form, the metric can be written:
g =

U+U− 0
0 −U+U−

 (9)
The off-diagonal elements are zero since the coefficient of dx1dx0 in the interval
is zero.
If the observer’s velocity has a discontinuity (i.e. there is a momentary infinite
acceleration) then the metric will be two-valued at all events having the same
value of x+ or x− as the observer at the point of the discontinuity - i.e. all
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along the future and past light cones stemming from that event. Also, on the
observer’s worldline, τ1 = τ2 = τλ so that U
+U− = 1 and U± =
√
1±v
1∓v
, where
v(τλ) is the speed of the observer.
2.3 Examples
2.3.1 Inertial Frame
A very simple case that provides a useful consistency check is an inertial frame
with a velocity v relative to our original frame. From the Lorentz transforma-
tion, we have
t = γτλ, z = γvτλ (10)
and
x+ = γτ1(1 + v) = τ1
√
1 + v
1− v
x− = γτ2(1− v) = τ2
√
1− v
1 + v
(11)
giving
τ = γ(t− vz), ρ = γ(z − vt) (12)
as expected. We also have
U+ =
√
1 + v
1− v , U
− =
√
1− v
1 + v
(13)
which gives our Minkowski metric
g =

 1 0
0 −1

 (14)
2.3.2 Constant Acceleration
The simplest nontrivial case is with constant acceleration. As set out in [5],
the observer’s worldline can be written:
t = g−1 sinh gτλ, z = g
−1 cosh gτλ (15)
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where g is the acceleration. Hence
x+ =
egτ1
g
, x− = −e
−gτ2
g
τ = − ln−
x+
x−
2g
, ρ =
ln−g2x+x−
2g
(16)
and
U+ = egτ1 , U− = e−gτ2 (17)
giving
g =

 e2gρ 0
0 −e2gρ

 (18)
This result agrees with [6] and [7].
2.3.3 Constant Acceleration Beginning at t = 0
In this case the observer’s world line is described by:
z=


g−1 cosh gτλ τλ ≥ 0
g−1 τλ ≤ 0
t=


g−1 sinh gτλ τλ ≥ 0
τλ τλ ≤ 0
(19)
The radar coordinate system divides naturally into four regions as shown in
Figure 2; the corresponding coordinates are given in Table 1. The hypersur-
faces of simultaneity are not easy to calculate exactly in regions 2 and 3.
2.3.4 Constant acceleration for a finite time
In this case an observer travels at constant speed until a certain time, then
accelerates constantly until the speed is reversed, i.e. equal but in the opposite
direction to the initial value; this speed is then maintained. The worldline is
given by:
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Region x+ x− U+ U− ρ τ
1 e
gτ1
g
− e−gτ2
g
egτ1 e−gτ2
ln−g2x+x−
2g −
ln− x
+
x−
2g
2 e
gτ1
g
τ2 − 1g egτ1 1 12( ln gx
+
g
− x− − 1
g
) 12(
ln gx+
g
+ x− + 1
g
)
3 τ1 +
1
g
− e−gτ2
g
1 e−gτ2 12(x
+ − 1
g
+ ln−gx
−
g
) 12(x
+ − 1
g
− ln−gx−
g
)
4 τ1 +
1
g
τ2 − 1g 1 1 z t
Table 1
Radar time values for observer accelerated uniformly from t = 0
Fig. 2. Radar time for an observer who accelerates constantly after t = 0
z=


γv(τλ − τc) + g−1 cosh gτc τλ ≥ τc
g−1 cosh gτλ |τλ| ≤ τc
−γv(τλ + τc) + g−1 cosh gτc τλ ≤ −τc
t=


γ(τλ − τc) + g−1 sinh gτc τλ ≥ τc
g−1 sinh gτλ |τλ| ≤ τc
γ(τλ + τc)− g−1 sinh gτc τλ ≤ −τc
(20)
where τc is the time at which acceleration ends according to the observer,
and v = tanh gτc is the final speed. Figure 3 shows that the radar coordinate
construction for this observer divides space-time naturally into nine regions as
a result of the two discontinuities in the acceleration, though the observer can
make measurements of the whole space-time. Values of the radar coordinate
quantities in each region are given in Table 2.
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Fig. 3. Worldline, radar coordinate regions and hypersurfaces of simultaneity for an
observer who accelerates constantly for a finite time
Region U+ U− ρ τ
C egτ1 e−gτ2 ln−g
2x+x−
2g −
ln −x
+
x−
2g
IF
√
1+v
1−v
√
1−v
1+v γ(z − vt)− 1g γ(t− vz) + τc
IP
√
1−v
1+v
√
1+v
1−v γ(z + vt)− 1g γ(t+ vz)− τc
IA
√
1−v
1+v
√
1−v
1+v z
√
1+v
1−v − 1g − τc t
√
1+v
1−v
IB
√
1+v
1−v
√
1+v
1−v z
√
1−v
1+v + τc − 1g t
√
1−v
1+v
FA egτ1
√
1+v
1−v
1
2
[
ln gx+
g
− x−
√
1+v
1−v − 1g − τc
]
1
2
[
ln gx+
g
+ x−
√
1+v
1−v +
1
g
+ τc
]
FB
√
1+v
1−v e
−gτ2 1
2
[
τc − 1g + x+
√
1−v
1+v +
ln−gx−
g
]
1
2
[
τc − 1g + x+
√
1−v
1+v − ln−gx
−
g
]
PA
√
1−v
1+v e
−gτ2 1
2
[
x+
√
1−v
1+v − 1g − τc + ln−gx
−
g
]
1
2
[
x+
√
1−v
1+v − 1g − τc − ln−gx
−
g
]
PB egτ1
√
1+v
1−v
1
2
[
ln gx+
g
− x−
√
1−v
1+v − 1g + τc
]
1
2
[
ln gx+
g
+ x−
√
1−v
1+v +
1
g
− τc
]
Table 2
Radar coordinate values for an observer who accelerates constantly for a finite time
This example is treated since it does not include an acceleration horizon, yet
still uses much of the mathematics of the constant acceleration case.
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3 Quantum Field Variables for the Accelerated Observer
3.1 Dirac Equation
We study the Dirac vacuum, and hence use the Dirac equation for free particles
as generalised to curved space-times/accelerated observers [8]:
ıγµ
(
∂
∂xµ
+ Γµ
)
ψ −mψ = 0 (21)
where ψ is a 2-component spinor (in 1 + 1 dimensions), m is the mass of the
spin-1/2 particle, and the Γµ are the “spin connection” matrices, given by:
Γµ =
1
4
γν
(
∂γν
∂xµ
+
{
ν
λµ
}
γν
)
=
1
4
γν∇µγν (22)
Here
{
ν
λµ
}
are the conventional “Christoffel symbols” or “connection coeffi-
cients” which form part of the covariant derivative ∇µ [9].
In 1+1 dimensions the quantities γµ are 2×2 component matrices which trans-
form as (contravariant) vectors, and they can be chosen to be any matrices
that satisfy
γµγν + γνγµ = 2gµνI (23)
where I is the identity matrix. We shall denote the γ-matrices in the Lorentz
frame as γ¯µ, so that in the accelerated frame we can choose:
γµ =
∂xµ
∂x¯α
γ¯α (24)
according to the transformation law for vectors, where the {xµ} represent
the coordinates in our observer’s frame, and the {x¯α} are coordinates in our
inertial frame. In this case Γµ = 0 and so the Dirac equation (21) then becomes
ıγµ
∂ψ
∂xµ
−mψ = 0 (25)
From equation (24), we can write this as
ı
∂xµ
∂x¯α
∂x¯β
∂xµ
γ¯α
∂ψ
∂x¯β
−mψ = 0 (26)
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which simplifies to
ıγ¯α
∂ψ
∂x¯α
−mψ = 0 (27)
and shows the covariance of the equation - the solutions will be the same in
all frames. We can rewrite this using equation (23) as
∂ψ
∂x¯0
+ γ¯0γ¯1
∂ψ
∂x¯1
= −ımγ¯0ψ (28)
We choose the γ¯-matrices to be
γ¯0 =

 0 1
1 0

 , γ¯1 =

 0 −1
1 0

 (29)
with the basis spinors
φ+ =
(
1
0
)
, φ− =
(
0
1
)
(30)
which gives
γ¯0γ¯1 =

 1 0
0 −1

 (31)
We then write ψ = ψ+φ+ + ψ−φ− to obtain the coupled equations:
∂ψ+
∂t
+
∂ψ+
∂z
= −ımψ−
∂ψ−
∂t
− ∂ψ−
∂z
= −ımψ+ (32)
For massless fermions, these equations decouple to give
ψ+ = ψ+(x
−), ψ− = ψ−(x
+) (33)
whereas for the massive case the equations become
∂2ψ+
∂t2
− ∂
2ψ+
∂z2
= −m2ψ+
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∂2ψ−
∂t2
− ∂
2ψ−
∂z2
= −m2ψ− (34)
which can be solved by separation of variables to give:
ψ+ = Ne
ı(At+Bz), ψ− = −A+B
m
ψ+ (35)
where N is a suitable normalisation, and A and B are constants obeying
A2−B2 = m2. In our inertial frame, A and B respectively represent the energy
and momentum of the particle, although they are combined as components
of the momentum-energy vector between inertial frames. This identification
does not hold for our accelerated frame, in which the energy and momentum
operators are different. To determine the energy and to identify wavefunctions
as representing particles or antiparticles we must calculate the appropriate
Hamiltonian [12]. As a preliminary step we evaluate the inner product in our
coordinate system.
3.2 Inner Product
The generalised inner product of two spinors ψ and φ in an accelerated frame
on a hypersurface Σ of constant τ is:
〈ψ|φ〉Σ =
∫
Σ
dΣµ
√−gψ¯γµφ (36)
where g is the determinant of gµν , and ψ¯ is the conjugate of ψ, defined as
ψ¯ ≡ ψ†γ¯0. The ‘surface’ element dΣ is given in 1 + 1 dimensions by
dΣµ =
∂τ
∂xµ
∂τ
∂x0
dx1 (37)
The above definition of the inner product is independent of the choice of Σ,
provided that ψ and φ are solutions of the Dirac equation.
Since ∂τ
∂ρ
= 0, we can write the inner product in radar coordinates as
〈ψ|φ〉τ =
∞∫
−∞
dρ
√−gψ†γ¯0γ0φ (38)
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Equations (9) and (24) allow us to express this as
〈ψ|φ〉τ =
∞∫
−∞
dρU+U−ψ†γ¯0
(
∂τ
∂t
γ¯0 +
∂τ
∂z
γ¯1
)
φ (39)
which finally becomes
〈ψ|φ〉τ = 1
2
∞∫
−∞
dρ ψ†
[
U−(I+ γ¯0γ¯1) + U+(I− γ¯0γ¯1)
]
φ (40)
Alternatively, the inner product (still evaluated on a hypersurface of constant
τ ) can be written in inertial coordinates as:
〈ψ|φ〉τ =
∫
Σ
dz ψ†
(
I+
∂τ
∂z
∂τ
∂t
γ¯0γ¯1
)
φ (41)
3.3 Hamiltonian
We can rewrite equation (25) as
ı
∂ψ
∂τ
= − γ
0
g00
(
ıγ1
∂ψ
∂ρ
−mψ
)
(42)
and so define the Hamiltonian Hˆnh as
Hˆnh = −U+U−γ0
(
ıγ1
∂
∂ρ
−m
)
(43)
Now,
γ0γ1=
∂τ
∂x¯α
∂ρ
∂x¯β
γ¯αγ¯β
=
(
∂τ
∂t
∂ρ
∂t
− ∂τ
∂z
∂ρ
∂z
)
I+
(
∂τ
∂t
∂ρ
∂z
− ∂τ
∂z
∂ρ
∂t
)
γ¯0γ¯1
= g01I+

(∂τ
∂t
)2
−
(
∂τ
∂z
)2 γ¯0γ¯1
= g00γ¯0γ¯1 (44)
and
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γ0=
(
∂τ
∂x+
+
∂τ
∂x−
)
γ¯0 +
(
∂τ
∂x+
− ∂τ
∂x−
)
γ¯1
=
1
2
[(
1
U+
+
1
U−
)
γ¯0 +
(
1
U+
− 1
U−
)
γ¯1
]
(45)
so that
Hˆnh = −ıγ¯0γ¯1 ∂
∂ρ
+
m
2
[
U+
(
γ¯0 − γ¯1
)
+ U−
(
γ¯0 + γ¯1
)]
(46)
where we have used some of the identities given in the Appendix.
It is clear from equation (40) that the Hamiltonian in (46) is not Hermitian -
hence the subscript ‘nh’. The explanation lies in the time dependence of both
the inner product and the Hamiltonian, although Hˆnh is time-independent
in the case of massless fermions. At first sight this would appear to violate
unitarity. However, as stated by Dolby et al.[11], this is not so; as a result of
the time-dependence in the inner product volume element, unitarity actually
requires a non-Hermitian Hamiltonian. Dolby et al. [11] use the stress-energy
tensor to evaluate the energy of the state, and hence find the Hamiltonian at
a certain time τ0. We quote the result that the Hamiltonian Hˆ1 for states at
a time τ0 can be written as
Hˆ1 ≡ 1
2
{
Hˆnh + Hˆ
†
nh
}
(47)
The eigenstates of this Hamiltonian can be classified as positive or negative
frequency according to whether their eigenvalues are positive or negative.
To find the Hermitian conjugate of our Hamiltonian, we use two arbitrary
spinors ψ and φ together with the definition
〈Hˆnhψ|φ〉 = 〈ψ|Hˆ†nhφ〉 (48)
We therefore consider
〈Hˆnhψ|φ〉Στ0 =
1
2
∞∫
−∞
dρ
(
Hˆnhψ
)† [
U−(I+ γ¯0γ¯1) + U+(I− γ¯0γ¯1)
]
φ (49)
Define σ = γ¯0γ¯1, a1 = γ¯
0 + γ¯1, a2 = γ¯
0 − γ¯1, b1 = I+ γ¯0γ¯1 and b2 = I− γ¯0γ¯1,
so that
a†1 = a2, b
†
1 = b1, b
†
2 = b2, σ
† = σ (50)
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with further identities listed in the appendix. If we now putM = 1
2
[U−b1 + U
+b2],
then
M−1 =
1
2U+U−
(
U+b1 + U
−b2
)
(51)
By using these definitions, we can write
〈Hˆnhψ|φ〉Στ0 =
∞∫
−∞
dρ
(
−ıσ∂ψ
∂ρ
+
m
2
[
U+a2 + U
−a1
]
ψ
)†
Mφ
=
∞∫
−∞
dρ
(
ı
∂ψ†
∂ρ
σ +
mψ†
2
[
U+a1 + U
−a2
])
Mφ
=
[
ψ†(ıσ)Mφ
]∞
−∞
−
∞∫
−∞
dρ ψ†ıσ
∂
∂ρ
(Mφ)
+
m
2
∞∫
−∞
dρ ψ†M
(
M−1
[
U+a1 + U
−a2
]
M
)
φ
=
∞∫
−∞
dρ ψ†M(−ıσ∂φ
∂ρ
)
−
∞∫
−∞
dρ ψ†(ıσ
∂M
∂ρ
)φ
+
m
2
∞∫
−∞
dρ ψ†M
[
U+a2 + U
−a1
]
φ
= 〈ψ| − ıσ ∂
∂ρ
|φ〉Στ0
−
∞∫
−∞
dρ ψ†M
(
M−1ıσ
∂M
∂ρ
)
φ
+〈ψ|m
2
[
U+a2 + U
−a1
]
|φ〉Στ0 (52)
We have applied the condition that the wavefunction must vanish at infinity,
and have assumed that the functions U+ and U− are continuous. By applying
further identities from the Appendix, we obtain
Hˆ†nh=−iσ
∂
∂ρ
+
ı
2
[
1
U−
dU−
dτ2
b1 +
1
U+
dU+
dτ1
b2
]
14
+
m
2
[
U+a2 + U
−a1
]
(53)
This finally gives us our Hermitian Hamiltonian Hˆ1 as
Hˆ1=−iσ ∂
∂ρ
+
ı
4
[
1
U−
dU−
dτ2
b1 +
1
U+
dU+
dτ1
b2
]
+
m
2
[
U+a2 + U
−a1
]
(54)
We can use this Hamiltonian to calculate the positive and negative eigenstates
of the Dirac vacuum, as measured by our accelerated observer at a certain
time. These states do not cover the whole of space-time if an acceleration
horizon exists, i.e. the observer approaches the speed of light and does not
decelerate, so that signals from certain regions of space-time never reach the
observer. However, as found in [12], the states are still sufficient to calculate
the number of particles observed.
We call the eigenvalue of the Hamiltonian ω, and write the eigenstates as
ψτ = f+φ+ + f−φ−. Equation (54) then gives
ωf+=−ı∂f+
∂ρ
+
ı
2
1
U−
dU−
dτ2
f+ +mU
+f−
ωf−= ı
∂f−
∂ρ
+
ı
2
1
U+
dU+
dτ1
f− +mU
−f+ (55)
We shall not attempt to solve these coupled equations here, but consider only
the massless case.
3.3.1 Eigenstates for Massless Fermions
For massless fermions, our Hamiltonian reduces to
Hˆ1 = −ıσ ∂
∂ρ
+
ı
4
[
1
U−
dU−
dτ2
b1 +
1
U+
dU+
dτ1
b2
]
(56)
for which we require a complete set of eigenstates. If we consider a time τ0,
we can use equation (A.5) from the Appendix to obtain
Hˆ1=−ıσ ∂
∂τ1
+
ı
4
[
1
U−
dU−
dτ2
b1 +
1
U+
dU+
dτ1
b2
]
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= ıσ
∂
∂τ2
+
ı
4
[
1
U−
dU−
dτ2
b1 +
1
U+
dU+
dτ1
b2
]
(57)
which gives
ωf+= ı
df+
dτ2
+
ı
2
1
U−
dU−
dτ2
f+
ωf−= ı
df−
dτ1
+
ı
2
1
U+
dU+
dτ1
f− (58)
A complete set of solutions can be found with f+ = f+(τ2) and f− = f−(τ1).
That is, we can find solutions of the massless Dirac equation - given in equa-
tion (33) - that are eigenstates at all times. In consequence, the total number
of massless fermions seen by a non-inertial observer is independent of time.
The possibility of this is hinted at by the commutation of Hˆ1 with the Dirac
Operator ı
(
∂
∂τ
+ σ ∂
∂ρ
)
. It occurs because the explicit time dependence disap-
pears as a result of the decoupling of the equations, in contrast to the massive
case. This result will be discussed in Section 4.2.
Equations (58) are simply solved by use of an integrating factor to give
f+=
Aωe
−ıωτ2
√
U−
f−=
Bωe
−ıωτ1
√
U+
(59)
where Aω and Bω are normalisation constants. If we normalise the wavefunc-
tions to 2piδ(ω − ω′) we obtain:
〈ψω|ψω′〉=
∞∫
−∞
dρ
[
A∗ωe
ıωτ2
√
U−
φ†+ +
B∗ωe
ıωτ1
√
U+
φ†−
]
M
[
Aω′e
−ıω′τ2
√
U−
φ+ +
Bωe
−ıω′τ1
√
U+
φ−
]
=
∞∫
−∞
dρ
[
A∗ωAω′e
ı(ω−ω′)τ2
]
+
[
B∗ωBω′e
ı(ω−ω′)τ1
]
=2piδ(ω − ω′) (A∗ωAω′ +B∗ωBω′)
= 2piδ(ω − ω′) (A∗ωAω +B∗ωBω) (60)
Hence
A∗ωAω +B
∗
ωBω = 1 (61)
and the coefficients Aω, Bω are independent of ω. We choose the “forward-
moving” mode ψω,F to have {A = 1, B = 0} and the ‘backward-moving” mode
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ψω,B to have {A = 0, B = 1}.
We now have a set of energy eigenstates which remain eigenstates at all times
for our observer. We can classify the modes as positive or negative energy
simply by the sign of ω in equation (58). We can also use these modes to
calculate the particle content of the vacuum.
4 Particle Content of the Dirac Vacuum
4.1 General Formulae
According to the approach developed in [12], the particle density of the Dirac
vacuum at a given time is given by
n+τ (x
1) =
∑
ω ω′
(
(ββ†)ωω′
√−gψ†ω′,+γ¯0γµψω,+
∂τ
∂xµ
∂τ
∂x0
)
n−τ (x
1) =
∑
ω ω′
(
(γγ†)ωω′
√−gψ†ω′,−γ¯0γµψω,−
∂τ
∂xµ
∂τ
∂x0
)
(62)
where n+ and n− are the densities of particles and antiparticles, respectively
defined such that n+τ (x
1)dx1 is the number of particles in the length dx1 at x1
(and similarly for n−τ (x
1) ), ψω,± are the positive/negative energy eigenstates,
and the summation implies integration over the variables between zero and
infinity, with a division by 2pi for each (due to normalisation), and the matrices
β and γ are given by:
βωp = 〈ψω,+|up,−〉
γωp = 〈ψω,−|up,+〉 (63)
where up,± are the positive/negative energy Minkowski eigenstates with mo-
mentum p. These expressions lead to a total particle number N+ and antipar-
ticle number N− in the observer’s entire space as
N+=
∑
ω ω′
(ββ†)ωω′〈ψω′,+|ψω,+〉
=
∞∫
0
dω(ββ†)ωω
N−=
∑
ω ω′
(γγ†)ωω′〈ψω′,−|ψω,−〉
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=∞∫
0
dω(γγ†)ωω (64)
where we have used the orthogonality and normalisation properties of the
eigenstates. We see that the eigenstates over the whole space-time are not
required, just those for which our observer can construct coordinates.
4.2 Massless Fermions
In the massless case, the Minkowski states are the plane-wave basis:
u+ = e
−ıpx−φ+ and e
−ıpx+φ− for p > 0
u− = e
ıpx−φ+ and e
ıpx+φ− for p > 0
(65)
where the φ+ and φ− components combine in the same way as the compo-
nents of the eigenstates of our massless Hamiltonian, and are normalised to
2piδ(p′−p). Taking inner products with our eigenstates of Hˆ1, we must consider
both “forward-moving” and “backward-moving’ particles, and must therefore
evaluate the expressions for both of ψω, F and ψω,B. The two sets need not
have the same distribution or number of particles, merely the same number
of particles as antiparticles. Upon denoting “forward-moving” quantities with
the subscript ‘F’, and “backward” ones with a ‘B’, we have:
βωp,F =
∞∫
−∞
dτ2
√
U−eıωτ2eıpx
−
βωp,B =
∞∫
−∞
dτ1
√
U+eıωτ1eıpx
+
(66)
The quantity (ββ†)ωω gives the energy distribution of the particles observed.
It is independent of time since the arguments in the inner product in βωp are
both solutions of the Dirac equation.
The equations for the antiparticles are exactly the same:
γωp,F =
∞∫
−∞
dρ
√
U−e−ıωτ2e−ıpx
−
= β∗ωp,F (67)
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Similarly γωp,B = β
∗
ωp,B, so that
(γγ†)ωω′, F = (ββ
†)∗ωω′, F , (γγ
†)ωω′, B = (ββ
†)∗ωω′, B (68)
The elements (γγ†)ωω and (ββ
†)ωω are hence equal to each other, since the
matrices are Hermitian, so from (64)the total number of ‘forward’-moving
particles equals the total of ‘forward’-moving antiparticles, and similarly for
‘backward’-moving ones.
In this massless case, the formula for the distribution of particles also takes a
simple form:
n+F (τ, ρ) =
∞∫
0
dω
2pi
∞∫
0
dω′
2pi
(ββ†)ωω′, F e
ı(ω′−ω)τ2
n−F (τ, ρ) =
∞∫
0
dω
2pi
∞∫
0
dω′
2pi
(γγ†)ωω′, F e
−ı(ω′−ω)τ2
=
∞∫
0
dω
2pi
∞∫
0
dω′
2pi
(ββ†)ω′ω,F e
−ı(ω′−ω)τ2
=n+F (τ, ρ) (69)
and similarly
n±B(τ, ρ) =
∞∫
0
dω
2pi
∞∫
0
dω′
2pi
(ββ†)ωω′, B e
ı(ω′−ω)τ1 (70)
Therefore the distributions of particles and antiparticles are the same - as we
expect for local conservation of charge (or lepton number etc). Since (γγ†)ωω′
and (ββ†)ωω′ are independent of time, the particle distributions depend only
on τ1 for ‘backward’-moving particles, and τ2 for the ‘forward’-movers.
Although the distributions of ‘forward’- and ‘backward’-moving particles are
not in general the same, we expect them to be identical when the observer’s
trajectory is time-symmetric. To show this, consider integrating the expres-
sions (66) along the hypersurface τ = 0 (this choice is merely for convenience,
since we are free to choose any hypersurface of constant τ). Time-symmetry
implies that
zλ(−τλ)= zλ(τλ)
tλ(−τλ)=−tλ(τλ) (71)
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and hence
x+λ (τλ) = −x−λ (−τλ) (72)
Along τ = 0 this gives
x+(τ1) = −x−(−τ1) = −x−(τ2)
x−(τ2) = −x+(−τ2) = −x+(τ1) (73)
and hence U+ = U−. Expression (66) for βωp,B thus becomes
βωp,B =
∞∫
−∞
dτ2
√
U−e−ıωτ2e−ıpx
−(τ2)
=(βωp, F )
∗ (74)
The ‘forward’- and ‘backward’ expressions for (ββ†)ωω′ must therefore be com-
plex conjugates of each other. The total number of ‘forward’-moving parti-
cles therefore equals the number of ‘backward’-moving particles for a time-
symmetric observer, and the frequency distributions must be the same. How-
ever, the spatial densities will be identical only at τ = 0, since the expressions
in equation (62) contain τ2 for the ‘forward’-moving particles and τ1 for the
‘backward’-moving particles.
4.3 Examples
4.3.1 Inertial Frame
By applying the results derived for massless fermions to a boosted Lorentz
frame as in section 2.3.1, we find that
βωp, F =
∞∫
−∞
dρ
(
1− v
1 + v
) 1
4
eıωτ2e
ıpτ2
√
1−v
1+v
=
(
1− v
1 + v
) 1
4
∞∫
−∞
dρ e
ıτ2
(
ω+
√
1−v
1+v
p
)
=2pi
(
1− v
1 + v
) 1
4
δ(ω +
√
1− v
1 + v
p)
= 0 (75)
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The integral is zero, as expected, and in fact shows that a negative energy
mode of energy p is interpreted as a negative energy mode of energy −
√
1−v
1+v
p.
This is the correct Lorentz transformation for energy and momentum for a
massless particle.
We obtain the same result if we consider the φ− components, or the antiparticle
content.
4.3.2 Constant Acceleration
For massless fermions and a constantly accelerated observer, we obtain
βωp, F =−
−∞∫
∞
dτ2 e
(ıω− g
2
)τ2e
−ıpe
−gτ2
g
=
∞∫
0
du (gu)
−ıω
g
− 1
2 e−ıpu where u =
e−gτ2
g
=
1
g
(
p
g
e
ıpi
2
) ıω
g
− 1
2
Γ
(−ıω
g
+
1
2
)
(76)
and similarly
βωp,B =
∞∫
−∞
dτ1 e
(ıω+ g
2
)τ1e
ıpe
gτ1
g
=
1
g
(
g
p
e
ıpi
2
) ıω
g
+ 1
2
Γ
(
ıω
g
+
1
2
)
(77)
as was found in [12]. If we now calculate (ββ†)ωω, divide it by the normalisation
L =
∞∫
−∞
dρ =
∞∫
0
du
gu
, and use the fact that |Γ(1
2
+ iy)| = √pi sechpiy we have
N+ω,F
L
=
1
1 + e
2piω
g
N+ω,B
L
=
1
1 + e
2piω
g
(78)
as found in [1], [12], and indeed most papers on the subject.
By calculating (ββ†)ωω′ , we find that for ω 6= ω′ the matrix elements are zero.
Hence, since ψ†ωMψω is independent of ρ, the distribution in space of massless
fermions is uniform for this observer.
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4.3.3 Constant Acceleration beginning at t = 0
We can use the results from section 2.3.3 for massless fermions to integrate
over a hypersurface for any value of τ . The simplest choice is τ = 0 since we
need consider only two regions, and
βωp, F =−
0∫
∞
dτ2 e
(ıω− g
2
)τ2e
−ıpe
−gτ2
g −
−∞∫
0
dτ2 e
ıωτ2eıp(τ2−
1
g
)
=−


1
g∫
0
du (gu)
−ıω
g
− 1
2 eıpu

+ e−ıpg
(
piδ(ω + p)− ı
ω + p
)
(79)
=
1
g
(
p
g
e
ıpi
2
) ıω
g
− 1
2
[
Γ
(−ıω
g
+
1
2
)
− Γ
(−ıω
g
+
1
2
, ıp
)]
− ı e
−ıp
g
ω + p
and also
βωp,B =
0∫
−∞
dτ1 e
ıωτ1eıp(τ1+
1
g
) +
∞∫
0
dτ1 e
(ıω+ g
2
)τ1e
ıpe
gτ1
g
=−1
g
(
g
p
e
ıpi
2
) ıω
g
+ 1
2
Γ
(
ıω
g
+
1
2
,−ıp
)
+ ı
e
ıp
g
ω + p
(80)
where the delta functions are superfluous because ω must always be positive.
The expressions differ for forward- and backward-moving particles; the time
symmetry of the constant acceleration case has been broken, so that we no
longer expect the numbers of particles moving forwards and backwards to be
equal.
4.3.4 Constant Acceleration for a finite time
Here we use the results from section 2.3.4, and insert them into the massless
fermion equations as in the previous examples. As can be seen from Figure
3, the simplest hypersurface of simultaneity to choose for the integration is
clearly τ = 0, which corresponds to the z-axis and crosses only three regions.
Moreover, in regions ‘IA’ and ‘IB’ the coordinates are a simple scaling from
the inertial coordinates, and the coordinates in region ‘C’ are simply those of
the constantly accelerated observer. We therefore obtain
βωp, F =
(
1 + v
1− v
) 1
4
−τc∫
−∞
dτ2 e
ıωτ2e
ıp
√
1+v
1−v
(τ2+τc−
1
g
)
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+τc∫
−τc
dτ2 e
(ıω− g
2
)τ2e
−ıpe
−gτ2
g
+
(
1− v
1 + v
) 1
4
∞∫
τc
dτ2 e
ıωτ2e
ıp
√
1−v
1+v
(τ2−τc−
1
g
)
(81)
and
βωp,B =
(
1− v
1 + v
) 1
4
−τc∫
−∞
dτ1 e
ıωτ1e
ıp
√
1+v
1−v
(τ1+τc+
1
g
)
+
τc∫
−τc
dτ1 e
(ıω+ g
2
)τ1e
ıpe
gτ1
g
+
(
1 + v
1− v
) 1
4
∞∫
τc
dτ1 e
ıωτ1e
ıp
√
1−v
1+v
(τ1−τc+
1
g
)
=(βωp, F )
∗ (82)
From these results, we can determine the particle content of the vacuum ac-
cording to the observer, despite the absence of an acceleration horizon. The
results illuminate the earlier proof that for a time-symmetric observer world-
line the ‘forward’- and ‘backward’-moving particles have the same number and
the same frequency distribution.
5 Discussion
The approach developed in [12] has been used to evaluate the particle con-
tent of the massless Dirac vacuum for an arbitrarily moving observer in 1+1
dimensions. This method uses Bondi’s ‘radar time’, which provides a foliation
of flat space that depends only on the observer’s trajectory. It agrees with
proper time on the trajectory, and is single valued in the causal envelope of
the observer’s worldline.
The particle content can be described in terms of ‘forward moving’ particles
(with particle density n+F (τ, ρ) dependent only on τ − ρ), ‘backward moving’
particles (with particle density n+B(τ, ρ) dependent only on τ + ρ), and their
corresponding antiparticles (described by n−F and n
−
B). The particle content
is clearly different for different observers, but for any given observer the to-
tal number of forward/backward moving particles is independent of τ . This
result is specific to massless particles in 1+1 dimensions, and is a direct con-
sequence of conformal invariance. The spatial distribution of forward moving
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particles always matches that of forward moving antiparticles, and likewise
for backward moving particles. In general, there is no connection between the
observed numbers of forward moving particles and backward moving parti-
cles. However, when the observer’s trajectory is time-reversal invariant the
distribution of forward and backward moving particles must match at τ = 0,
and their distributions at other times is given by the fact that n±F (τ, ρ) de-
pends only on τ − ρ and that n±B(τ, ρ) depends only on τ + ρ. These gen-
eral results have been illustrated by four examples. We have confirmed that
inertial observers do not observe particles in the inertial vacuum, and that
uniformly accelerating observers measure the well-known thermal spectrum
[1,2,3,8,12,13]. This thermal spectrum is spatially uniform in ‘radar distance’
ρ and is the same for forward and backward moving particles, as expected.
An observer with constant acceleration for finite time (who is otherwise iner-
tial) exhibits time-reversal invariance about the time (τ = 0 in section 4.3.4)
mid way through the period of acceleration. This gives n±F (0, ρ) = n
±
B(0, ρ)
as predicted, although these distributions are no longer spatially uniform. An
observer who accelerates uniformly from τ = 0 observes different numbers
of forward and backward moving particles. This intriguing result suggests an
observer-dependent violation of discrete symmetries, which warrants further
investigation.
Other work that has treated non-uniformly accelerating observers in flat space
is presented in [13]. There, the content of massive scalar particles was stud-
ied in flat space, using a foliation based on the observer’s ‘instantaneous rest
frame’. Interesting results were obtained there, but their interpretation is lim-
ited by the multivalued nature of the instantaneous rest frame, as discussed
in [6]. The use of an ‘instantaneous rest frame’ will in general assign more
than one time to any event further than 1/g(t) from an accelerating observer
(uniform acceleration is the only exception). This leads in [13] to multival-
ued predictions for the particle content at any such event, raising problems of
interpretation.
Since massless fermions in 1+1 dimensions are conformally invariant, and con-
sequently lack the scale dependence of the massive case(provided for instance
by the Compton scale 1/m), it is not likely that the results obtained here will
generalise immediately to massive particles, or to 3+1 dimensions. Further
work is needed to investigate those cases in more detail, and to explore the
possible observer dependence of discrete symmetries.
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A Identities
This Appendix sets out many identities used here, mostly following from sim-
ple partial derivatives.
∂τ
∂x+
=
1
2
∂
∂x+
(τ1 + τ2)
=
1
2
dτ1
dx+
=
1
2U+
(A.1)
and similarly
∂τ
∂x−
=
1
2U−
(A.2)
From our radar coordinate definitions τ = 1
2
(τ1 + τ2) and ρ =
1
2
(τ1 − τ2), we
have
∂τ
∂x+
=
∂ρ
∂x+
,
∂τ
∂x−
= − ∂ρ
∂x−
(A.3)
and
∂τ
∂t
=
∂ρ
∂z
,
∂τ
∂z
=
∂ρ
∂t
(A.4)
From the identities ρ = τ − τ2 = τ1 − τ we can obtain(
∂
∂ρ
)
τ
=
(
∂
∂τ1
)
τ
= −
(
∂
∂τ2
)
τ
(A.5)
Identities involving the a, b and σ matrices of section 3.3 are
b21 = 2b1, b
2
2 = 2b2
b1b2 = b2b1 = 0
b1 + b2 = I, b1 − b2 = 2σ (A.6)
and
a1b1 = 2a1, a1b2 = 0
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b1a1 = 0, b2a1 = 2a1
a2b1 = 0, a2b2 = 2a2
b1a2 = 2a2, b2a2 = 0 (A.7)
together with the commutators:
[b1, b2] = 0, [a1, a2] = −4σ
[σ, b1] = [σ, b2] = 0
[σ, a1] = −2a1, [σ, a2] = −2a2
(A.8)
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